Exceptional points describe the coalescence of the eigenmodes of a non-Hermitian matrix. When an exceptional point occurs in the unitary evolution of a many-body system, it generically leads to a dynamical instability with a finite wavevector [N. Bernier et al. , Phys. Rev. Lett. 113, 065303 (2014)]. Here, we study exceptional points in the context of the counterflow instability of colliding Bose-Einstein condensates. We show that the instability of this system is due to an exceptional point in the Bogoliubov spectrum. We further clarify the connection of this effect to the Landau criterion of superfluidity and to the scattering of classical particles. We propose an experimental setup to directly probe this exceptional point, and demonstrate its feasibility with the aid of numerical calculations. Our work fosters the observation of exceptional points in nonequilibrium many-body quantum systems.
INTRODUCTION
Non-Hermitian Hamiltonians are a convenient tool to describe physical processes where the energy is not conserved, such as scattering resonances, driven-dissipative steady states, or time-dependent problems [1] . One of the most remarkable features of non-Hermitian Hamiltonians is the existence of exceptional points, where two (or more) eigenvalues merge, and their respective eigenvectors coalesce. This situation is forbidden in Hermitian Hamiltonians, whose eigenvectors necessarily span the entire Hilbert space. Exceptional points are generically isolated, in the sense that they occur at specific values of the system's parameters only. Ref. [2] proposed that exceptional points may be common in many-body system, where the wavevector can play the role of the tuning parameter. Because many-body systems support excitations with all possible wavevectors, the existence of an exceptional point can be detected as the spontaneous formation of excitations with a specific wavelength. These excitations have a finite frequency and a finite wavevector, and offer a clear example of "type I o " patter formation [3] . In spite of the generality of this effect, no clear experimental signature has been reported so far in the unitary dynamics of a many-body quantum system.
Here, we show that a many-body exceptional point occurs naturally in the collision between two superfluids. In analogy to the Landau criterion of a single superfluid [4] , two counterflowing superfluids become dynamically unstable when their relative velocity is larger than a critical value [5] [6] [7] [8] [9] . This effect has been recently observed in experiments with Bose-Fermi mixtures [10] and spinor condensates [11] . For relative velocities larger than the critical value, the system is predicted to develop finitewavevector excitations [6] . We explain that these instabilities are the consequence of an exceptional point, associated with the crossing between two Bogoliubov modes. In addition, we propose an experiment targeted to measure this instability.
BACKGROUND Exceptional points in two coupled oscillators
One of the simplest examples of an exceptional point in a closed system is given by two coupled harmonic oscillators described by the Hamiltonian
where x 1/2 and p 1/2 are pairs of canonically conjugated variables. Although Eq. (1) involves only real functions of the operators x and p, this Hamiltonian is not necessary Hermitian because, as we will see, in certain cases it is not bounded from below. By solving the equations of motion associated with the Hamiltonian of Eq. (1), one finds that the eigenfrequencies of this system are [2, 12] 
For α = 0 one simply obtains the eigenfrequencies ω = ±ω 1 and ω = ±ω 2 . As a consequence, one has a level crossing when either ω 1 = ω 2 or ω 1 = −ω 2 . The effect of a finite α depends on the relative sign between ω 1 and ω 2 [2, 13, 14] . If ω 1 and ω 2 have the same sign (or "signature"), the two eigenfrequencies repel each other, giving rise to an avoided level crossing ( Fig. 1(a) ). In contrast, if ω 1 and ω 2 have opposite signs, when the two eigenvalues approach, the argument of the squareroot of Eq. (2) can vanish. This situation gives rise to an exceptional point, where two eigenmodes coalesce. In the region where the argument of the square-root is negative, the eigenfrequencies acquire a finite imaginary component, giving rise to a dynamical instability [2] (Fig.  1(b) ). In what follows, we will show that this effect is at the origin of the counterflow instability between two condensates. 2), when ω1 and ω2 have (a) the same sign, or (b) opposite signs. The former case gives rise to an avoided level crossing, while the latter leads to a dynamical instability.
The counterflow instability
The problem of two superfluids that flow in opposite directions was first considered theoretically in 1974 by Mineev [5] , [15] . By considering the "center of mass" and "relative" modes of the two superfluids, Mineev found two distinct Bogoliubov modes, which he associated with the first and third sounds, respectively [16] . Mineev predicted the system to remain superfluid as long as both modes are energetically stable, i.e. their sound velocities are positive. In the limit of small interspecies interactions g 12 → 0, one obtains that the critical velocity equals to the smaller of the two sound velocities of the original
The result by Mineev refers to an impurity moving inside the counterflowing superfluids. A distinct question is whether the system can generate friction even without any impurity. Can one condensate act as a perturbation for the other, and lead to a dynamical instability?
This question was analyzed by Law et al. [6] , who found that counterflowing superfluids become dynamically unstable when the relative velocity exceeds a critical velocity v c . In the limit of weak interspecies interactions, g 12 → 0, the critical velocity equals to the sum of the sound velocities of the two superfluids, v c = c 1 + c 2 [9] . The critical velocity is a monotonously decreasing function of the interspecies interaction and vanishes at g 12 = √ g 1 g 2 , where g 1 and g 2 are the intraspecies interactions [6] . This point corresponds to the miscibleto-immiscible phase transition, where, indeed, the system becomes unstable even at zero relative velocity [17] [18] [19] [20] [21] , [22] . The existence of a critical counterflow velocity has been recently observed experimentally by two groups, using different systems. The first realization involved a Bose-Fermi mixture [10] , [23]: one species was positioned in the middle of the trap, while the other was initially displaced, and performed periodic oscillations at the trap frequency. By measuring the decay of the oscillations, it was found that a significant dumping occurs only when the relative velocity is larger that a critical value. This experiment was then extended by Ref. [24] , who used a Feshbach resonance to enhance the interspecies interaction [25] , and observed a reduction of the critical velocity. The second realization used two hyperfine states of a single condensate [11] . These authors prepared a mixture of the two species, and induced a relative velocity through a gradient of the magnetic field. It was found that the counterflow becomes dissipative only for magnetic field larger than a critical value.
A related question is what happens when the relative velocity is larger than its critical value. Law et al. [6] predicted the existence of a dynamical instability at a finite wavevector. Experiments with spinor condensates showed that the system develops isolated darkbright solitons [26] , or trains of dark-dark solitons [27] . These solitons can be understood in terms of the modulation instability of the non linear equations of motion of the condensates [28], [29] . A quantitative comparison between the theoretical predictions of Law et al. and the experimental observations of Refs. [26, 27] was not possible for two main reasons: First, the theoretical study referred to a constant relative velocity, while the experiments were performed under a constant relative acceleration. Second, the solitons were observed in real space, while the theoretically predicted instabilities are characterized by a finite wavevector. In this work, we bridge this conceptual gap, by proposing an experiment in which finite-wavevector instabilities can be observed. The key difference from the experiments of Refs. [26, 27] is that we consider two condensates that are initially displaced, so that they collide with an approximately constant relative velocity (see Fig. 2 ).
METHODS

Gross-Pitaevskii and Bogoliubov modes
Following Refs. [5, 6, 9] , we describe the counterflow of two superfluids using the one-dimensional Gross-
Schematic plot of two experimental realizations of the counter-flow instability: (a) The atoms of a BEC are prepared in a superposition of two hyperfine states, and a gradient of the magnetic field is applied. The two states are accelerated in opposite directions [11, 26, 27] ; (b) Two species of atoms are cooled independently, and placed in different positions of an harmonic trap [10] . In this work, we focus on the latter case, where the collision occurs with a constant relative velocity.
Pitaevskii equation (GPE) [30]
Here V (x) is the confining potential, g 1 , g 2 and g 12 are the intraspecies and interspecies coupling constants.
In the case of a translationally invariant systems (V (x) ≡ V 0 ), the eigenfrequencies of Eqs. (3) and (4) can be found analytically through the Bogoliubov transformation [5, 6, 9] . For completeness, we summarize the main steps of the derivation. First, one looks for the mean-field solution of Eqs. (3) and (4), which is given by ψ (α) (x, t) = ψ (α) 0 e −iµ1t where α = 1, 2, µ 1 = −g 1 n 1 − g 12 n 2 − V 0 and µ 2 = −g 2 n 1 − g 12 n 2 − V 0 , and n α = |ψ (α) 0 | 2 is the average density of particles in the α th condensate. Next, one considers small perturbations around the mean-field solution:
where α = 1, 2. Then, one assumes u k and v k to be much smaller than ψ 0 and linearizes Eqs. (3) and (4) to obtain
where· denotes complex conjugation and
Finally, the Bogoliubov spectrum can be found by demanding the matrix in Eq. (6) to be singular (i.e. its determinant to be zero). For simplicity, in this article we consider the symmetric case m 1 = m 2 = m, g 1 = g 2 = g, and ψ 1 = √ n 1 = ψ 2 = √ n 2 . These assumptions are relevant to the case where the two species correspond to two hyperfine states of the same atoms [31] . In this case, the eigenfrequencies are explicitly given by:
The extension to the asymmetric case is straightforward, although the analytical expressions become more cumbersome [32] . Note that the positive (ω + > 0) and negative (ω − < 0) branches represent different physical Bogoliubov modes, and are respectively associated with particle-like and hole-like excitations [33] . As we will now explain, the crossing between a particle-like and a hole-like excitation is at the origin of the counterflow instability. A relative velocity between the two condensates can be studied by modifying the wavefunction of the first condensate according to the Galilean transformation x → x − v rel t in Eq. (5). Following the same procedure as before, one finds that the Galilean transformation adds −v rel k to the diagonals of Eq.(7)
The eigenfrequencies can then be found analytically as before [6, 9] . Table I . Numerical solution of the GPE Ultra-cold atoms are usually confined in parabolic traps. In this case, the momentum is not a good quantum number, and we are unable to solve the problem analytically. As we now explain, it is, nevertheless, still possible to draw a direct comparison with the translational invariant case.
To describe the effects of an harmonic confinement V (x) = (1/2)mω 2 0 x 2 , we solved numerically the GPE, Eqs. (3) and (4), following the common procedure: (i) We computed the wavefunction of each condensate using the Thomas-Fermi approximation. (ii) To improve the description of the condensates' wavefunctions, we evolved the GPE in the absence of interspecies interactions. (iii) We shifted the position of one condensate, while leaving the second condensate in the middle of trap, in analogy to the experimental situation of Refs. [10, 24, 34] . (iv) We numerically solved the GPE in the presence of interspecies interactions, and found the time evolution of the condensates' wavefunctions. The physical parameters used in our calculations are summarized in Table I and correspond to typical values for atom-chip experiments [35] . Fig. 3 shows the results of our numerical solution of the GPE for a specific combination of the initial displacement and the interspecies interaction. The left panels show the absolute value of the wavefunction: The blue condensate is at rest in the center of the trap (x = 0), while the red oscillates in time. Each subfigure represents a different step in the time-evolution: (a) at the initial conditions, (b) during the first collision, (c) after the first collision, and (d) during the second collision. [36] .
In the real-space pictures, the excitations are hardly visible due to their weak intensity with respect to the condensate. To identify the excitations and their wavevectors, we computed the Fourier transform of the wavefunctions. This quantity can be directly probed in experiments using the time-of-flight technique. The Fourier transformed wavefunctions are plotted in the right panels of Fig. 3: (a) The two wavefunctions are on top of each other, because both clouds are initially at rest. (b) The blue condensate is still at rest, while the red condensate is moving to the left. In this plot, each condensate has two peaks: a main peak that describes the condensates, and two minor peaks that describe a finite-wavevector instability. (c) The two condensates overlap again, because the red condensates has reached the maximal distance from the center and is now at rest. (d) The condensates collide for a second time. At this time, the excitations are again visible, with a much larger contrast. Generically, we observe that with an increasing number of collisions, the excitations become stronger, and additional peaks at higher wavevectors are generated.
We repeated this calculation for several values of the initial displacement and of the interspecies interactions. For each run, we first determined the time of the collision and the relative velocity of the two condensates. To achieve this goal, we computed numerically the position of the center of mass of the moving condensate as a function of time and found the crossings with the origin. Next, we extracted the wavevector and the intensity of the excitations, by inspecting the wavefunction of the static condensate (blue) at the time of the first collision. This procedure was performed by subtracting the initial wavefunction ( Fig. 3(a) ) from the solution of the GPE at the collision time ( Fig. 3(b) ). The position and height of the maximum of this function were denoted by k * and δψ, respectively, and are plotted in Figs. 6(b) and 7(b).
In our calculations, we limited ourself to the initial configurations for which the condensates are spatially separated. For the physical values considered in this simulation, this requirement implies that the initial displacements should be larger than ∆x = 10µm. This condition restricts the values of the relative velocities that can be studied. The relation between the initial displacement and the relative velocity can be estimated using the energy conservation: (1/2)ω 0 (∆x) 2 = (1/2)mv 2 , or v = ω 0 ∆x. Our calculations were performed for ω 0 = 628rad/sec, leading to a minimal relative velocity of v min ≈ 0.006m/s. Note that the the sound velocities of the condensates at rest is c 1 = c 2 = 0.0025m/s. Thus, our GPE calculations refer to the unstable regime only, v rel > c 1 + c 2 > v c .
RESULTS
Criteria for the unstable level crossing
We now use the Bogoliubov modes to analyze the counterflow instability. Let us first consider the case of a vanishing interspecies coupling g 12 = 0. In this case, the modes of the system, Eq. (13), are simply given by ω ± 1 = ±ω 0 − v rel k, and ω ± 2 = ±ω 0 , where
is the Bogoliubov spectrum of the condensate at rest. As shown in Fig. 4 , if the relative velocity is large enough, one observes a crossing between a particle like mode (ω + 1 ), and a hole like mode (ω − 2 ). When this happens, a finite interspecies interaction g 12 is sufficient to induce an unstable level crossing (see Fig. 5 ). In the region around the crossing, the eigenfrequencies acquire a finite imaginary component, indicating a dynamical instability. This effect is at the origin of the finite-wavelength instability discussed by Law et al. [6] .
To determine the conditions for this crossing, we now introduce a linear approximation to the dispersion relation, which is valid for small wavevectors: ω 0 ≈ c|k|, with c = gn /m. Under this approximation, the eigenfrequencies of the counterflowing modes are simply ω ± 1 = ±(c + v rel )|k| and ω ± 2 = ±c|k|. Two modes cross
. This condition corresponds to the Landau criterion for two superfluids found by Refs. [6, 9] . For finite interspecies interactions, the instability can occur for smaller relative velocities, leading to a reduction of the critical velocity.
Let us now consider the opposite limit, of large wavevectors. In this regime, the Bogoliubov eigenfrequencies, Eq. (14), correspond to the kinetic energy of free particles (ω 0 ≈ k 2 /2m). After the Galilean transformation, one obtains ω ± 1 = ± k 2 /2m + v rel k and ω ± 2 = ± 2 k 2 /2m. The condition for an intersection between two modes becomes ω + 1 = ω − 2 , or k = mv rel / . This condition can be understood as the elastic collision between classical particles in one dimension: When an atom from a moving condensate collides with an atom from the static condensate, they exchange their velocity, effectively creating a Bogoliubov excitation at momentum k = mv rel . This finding shows that the counterflow instability of a quantum gas is adiabatically connected to the collision of classical particles.
Finite-wavevector instability in a trap
In this section we discuss the detection of the finite wave-vector instability in a trap, by comparing the results of the Bogoliubov and GPE methods. The quantitative agreement between these two approaches supports the feasibility of the proposed experiment.
Let us first consider the excitation's wavevector as a function of the relative velocity. Fig. 6 shows the results of (a) the Bogoliubov analysis, and (b) the GPE. In both plots the excitation wavevector is a monotonously increasing function of the relative velocity. For large relative velocities, the wavevectors does not depend on the interspecies interaction, and is approximately given by the semi-classical scattering of free particles with a quadratic dispersion, k = mv rel . For small relative velocities the behavior differs in the miscible (g 12 < g 1 ) FIG. 4. Eigenfrequencies of the Bogoliubov modes in the limit of vanishing interspecies interactions (g12 = 0) (a) at rest and (b) for a finite relative velocity. In the latter case, a crossing between Bogoliubov modes is observed. The dashed line is the linear dispersion ω = ck, valid for small wavevectors. The physical parameters are given in Table I. and immiscible (g 12 > g 1 ) phases. In the miscible phase, the wavevector is suppressed and vanishes at the critical velocity, v c < 2c = 0.005m/s. In the immiscible phase, the system is unstable for any relative velocity, and the wavevector of the dominant excitation saturates to a finite value.
We now discuss the excitation's intensity as a function of the relative velocity. For the Bogoliubov case, we considered the maximal value of the imaginary part of the excitation frequency, max[Im(ω)]. For the GPE, we computed the amplitude of the excitation peak during the collision (as explained above), δψ. These quantities are shown in Fig. 7 . As expected, in both cases, the intensity of the excitation is controlled by the interspecies interaction g 12 , and tends to zero for g 12 → 0.
The dependence of these two quantities as a function of the relative velocity is however very different. Concerning the Bogoliubov excitations ( Fig. 7(b) ), the imaginary part of the frequency grows with v rel . At small relative velocities, the excitations are suppressed due to the superfluid nature of the condensates: for relative velocities that are smaller than the critical velocity no excitation is generated (blue and yellow dots). For g 12 = g 1 = g 2 , the system is at the miscible-to-immiscible phase transition and the critical velocity is exactly zero (green dots). For larger g 12 the system is unstable for any value of the critical velocity (red dots).
In contrast, in the numerical solution of the GPE we find that intensity of the interactions decreases with the relative velocity. To understand this dependence, one needs to recall that dynamical instabilities are characterized by an exponential growth in time of pre-existing fluctuations. In the present case, the initial finite-wavevector fluctuations are determined by the intraspecies interactions. As shown in Fig. 3 , these fluctuations decay steeply as a function of the wavevector k. As a consequence, although the instability rate grows with v rel , the absolute intensity of the excitation actually decreases. This effect is further enhanced by the finite time of the collision: For large relative velocities the collision time is smaller and the excitation amplitude is further reduced. In actual experiments, the presence of thermal atoms is expected to enhance the initial fluctuations and to significantly increase the excitation intensity for large v rel .
(a) Bogoliubov 
CONCLUSION
In this article we studied the collision between two counterflowing condensates, using two complementary approaches. The first method consisted of an analytic expression for the Bogoliubov excitations of a translationally invariant system. The second approach involved the numerical solution of the GPE and allowed us to study the effects of the trapping potential. For relative velocities that are larger than a critical velocity, the system develops a finite-wavevector instability, first predicted by Law et al. [6] . We identified the origin of this instability as an exceptional point between two Bogoliubov modes, and confirmed its existence in finite systems. To guide future experiments, we characterized the instability through the excitation's wavevector and amplitude, as a function of the relative velocity and of the interspecies (a) Bogoliubov g 12 /g 1 =0.25 g 12 /g 1 =0.5 g 12 /g 1 =1 g 12 /g 1 =2 0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 0 interaction. The Bogoliubov and GPE analyses delivered similar results and in particular confirmed that at large relative velocities, v rel c, the wavevector of the instability is approximately given by the semiclassical expression k = mv rel . In this regime, the excitation amplitude decreases with v rel , due to the decrease of the initial fluctuations and to the shortening of the collision time. On the other hand, at small relative velocities v rel c, the excitation amplitude is suppressed by the superfluid nature of the condensate, and tends to zero at the critical velocity of the system. Combining these two effects, we predict a non-monotonic dependence of the excitation amplitude on the relative velocity, with a maximum close to sum of the sound velocities of the two condensates. We hope that our theoretical calculations will guide and encourage experimentalists in the search for many-body exceptional points in colliding condensates.
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